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BT R Zo0BUr . SR
RN SrbyE, BOERR. B (RRSEHH Ji28) . 2B

WA B U (RET. SKEDT) . mElies. OSGHXE . ik

§1 %]

FE B 5 A by 2
WA R EAH —AThs, MARKES A s, “EEBIERUT:
A, = gAY (1a)
AV = g A (1b)
Hor A Guw = Guu, 9" = g HZBFRIK R, — M

S, g, EBEBER, Y.
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A B
g;u/gyp = gZ (2)
SETAREPARRR R {27} 5 {2"'}, Jacobian GIRGYOE
o =, 3
VRPN DLy Y
ARHIN A = (PR OR AR )
AV = gAY (4)

XAk, WM Jacobian Friftdibaiti b £, Xl TRk w0 AE . 35—
sh (RE) RYARARASH, PRSI KRR, Wi TRea A, A4

:EA#/IM:V - gi\ (5)
Property:

goz/?a — _gapgﬁygﬂy’a (6&)
09" = —g""g" 89, (6D)
G0 = gg/”/g/w,a <6C)
69 =99""69,. (6d)

PIREERR 9,0 HUHEFRETEAR
g = diag(+1,—1,—1,-1) (7)

1.2 Christoffel symbols

elements of distance

) > (0, timelike interval
ds® = g, datdz” (8)
< 0, spacelike interval

Christoffel symbols (sym between the last two/two lower suffixes, nontensors)

1
of the first kind T, = 5 (Yo + Guow — Guou) (9a)
of the second kind TV = ¢"'Ty,, (9b)
properties
]-_‘,U,VO' + Fz/ua = 9uv,o (10&)
Ly = 39" 905 (10D)
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change in A,, B” under parallel displacement

dA, = AT ,,0da”
= IV, A,dx? (11a)
dB” = -TV_B"dx’ (11b)

o

Christoffel symbols (k25 R %L, WIRAFS) EW ERPBIE SR, BRR-F RO 2
1.

1.3 Geodesics

e . dz#
Geodesics (J5FEk. MHLZE) : velocity vector v¥ = di is shifted by parallel displacement,
s
where s is the proper time ([EAK. JFH}) .

the equations of motion:

d2 ”w dz¥ dz°
d; + I, dZS d—z =0 or (v’fy + F’,jw”) v =0 or vt v” =0 (12)
zH path assumption
ds? =0 null vector null geodesics photon

ds? > 0 | timelike vector  timelike geodesics | mass particle

ds? < 0 | spacelike vector spacelike geodesics EQIT)

the stationary property of geodesics: o / ds = 0.

1.4 Covariant differentiation

Covariant differentiation (¥p28445r) :

Ay = A, —T7,A, (13a)
Tpo = Tp = T% Ty = T%, T (13b)
Yo =Y. o —a @ term for each lower suffix (13c)
Al = A+ T A® (13d)
properties:

(AuBy):s = Apo By + AuBus (14)
Se =15, (15)

conclusion from eq([L0):
Guvie =0 (16)
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thus the g,, count as constants under covariant differentiation.
o MIKETRO SRS, B bE TR
o R AR REVEROES A%,
« Geodesic equation() 5l v 0t =0

1.5 The curvature tensor
WK BV (43 A2 3k P sk

scalar: Sy — S =0 (17a)
vector: Ao — Aoy = A,BREW (17b)
the curvature tensor  (HIRiK &) wa = Ffo,p + FSUFQP — (po) (17c)

(Riemann-Christoffel tensor)

conclusion:

flat space (g = const) <= R = gusR’, =0 (18)

vpo

The Bianci relations:

Ry, + R, =0 (19a)

R0, + R}, + R, =0 (19h)
R . +R+R, . =0 (19¢)
(Raﬂ - ;gaﬂR> =0 (19d)

Contracting the upper and the last suffix of pru , we get the Ricci tensor (vp sym):

R‘ =R, (20)

vpL

Contracting again, we get the scalar curvature or total curvature:

gprup =R (21)

§2 ZPWH S| et

Einstein’s law of grvitation: in empty space (no matter present and no physical fields

except the gravitational field),

1
R, =0 or R"— QQWR =0 (22)
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2.1 The Newtonian approximation

AT g BMGIIF CF 10 DpSLoyE, (BRI A4 ABuLel T, o

SibiEd e o
Tm
d (.ZUO)2 = (\/-%),m
FrAEGEATS , A goo = 1+ V', H V -G ] %, GQ(@) R 2= = v )
A%z
//pLiN 9,0 Lon(T65) 9oo
AL 0 0 14+2V(—Br)
IR X | #8500 ASRES-FE A ififi

2.2 R G e s S B vu i
A BIRHG PR .
AR {27} = {r,0,0}, 2

ds? = e™dt? —e?dr? —1-7? <d62 + sin? 6d¢2>
ChTH1E)
g = diag ( e | —e*, —r?, —r?sin®0 )

Hor e, e J2 r (1R

RAZ] Ry =0, HRBGAFZM A v — 0 (r— o0), MIERT

1 2m . 2o
900:_97:1_7’ Horpom SRR AL
11

S ELP A -
ds? = (1 . 2;”) d* — (1 . 2;”) T 2467 — 1 sin? 6462
FHEFRATE ERS E H H Y% . 18 R (geodesic equation) FIHEH
goov’ =k, Ak WK IFIARIEAL goo HIMH
A 1= guv'v” (RAFE goo, 011 W) googun = —1, W1
v <1 _ 27”)1</¢2 1y 2’”>;
= ; §

ds—12—(]{2—1—&—27”)i

dr 2!

(23)

(26)

(27)

(28)

(29a)

(29b)
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i 2m (RiFpE critical radivs) B, ¢ BUMEHC B - ARALIORE LA
4. IR RIT R EIR. T 3 =~ FIREATA R,
AT £ A s 1056 R

2m\ 2
dt=(g0) s = (1) “as (30)
T

ARG
B IR AR, B BT I
N T = 2m BT S, FRATRFARS ¢, r Hefsi:

T=t+f(r), p=t+glr) (31a)
3 2m\ ! 2
P () ) ey o
SR B PR eq(RT) 75
ds* = dr? — 2:1 dp? —r? (d92 + sin® 9d¢2) (32a)
_ 4 M4 {2\/%(;) _ 7)} T (d6? +sin?6dg?)  (32D)
3v2m(p - 7)]°

PR bs s p

_ 1
ﬁ%ﬁﬁﬁﬁ,%ﬂ%ﬁﬁﬁRWZO,@Rw—gﬂﬂzoﬁgﬁﬁo
WATHbRES p FRYIFR, IS R ) AS %5 )% St (covariant vector den-
sity):

" v’/ Wy I
b pe = ot = - 33
PGV LWJ [%ﬁﬁ%gl (%)

pPda'da?da® FoR BRI ZIRIC do'da?ds® PR TR
p'da’da®da® FoRmtTa] ARG da® N IC de’de® R R
AR 2 i s (conservation of the matter) 554 H
(0 ) = 0 (342)
or (pv*).,, =0 (34b)

p B PAFRIR

VR T = PUOUO\/ p@’ovm\/ B BRI BEAEE (35)
J e o 7 o et N = ¥rs g = N T4
pvmv()\/ [)l,‘m'l,‘”\/ EJJEI’:JZJE Zﬁﬁfﬁﬁ@f
% R R f B e -
1
R — —g" R = =8nY" = —8mpv*v"” (36)

2
b b, WREIRBB B, IBAR AEIZAE R 2R 25 e RiE F,
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2.4 —sepby

2.4.1  HufafspE et
Maxwell’s equations [/~ )5 ¥

L2 RASIE— RATE ABik= (GR)
F;uz = Ruv — Ruyp ELI/ = Ruw — Ry
Ko =¢, K" =A™ K=, K™= A"

V.-D= p V-E =47mp
P = 47 ™ — 4 b
-~ - 0D | 10F
=i+ 2 28 v xii—4
V x Jo+ o | 2o V x J
V-B=0 V-H=0
o L of F,ul/,a + Fya,u + Fau,u = F/u/:a + FIJO’ZM + Fa,u:l/ =0
VxE=—— VxE=—-Z_
8 ot 5 c Ot
- 194
E=—-% v
- Ot
H=V-A
H =
J \/,u 0
HL o PR R MY, , A2 28 )25 R 52 -
0 El E2 E’%
o ~E, 0 Hy -H
;H\:EF‘7 FEMZ%KE F;u/ = Rupy — Ropy = ' : ’ (37)

—FEy, —H3; 0 H,
-EkEs Hy, —-H;y 0

2.4.2 Harmonic coordinates (ppfitkik:)
PIME AA AR — IR AR AR 2R
WL Ozt =0 Bl g (2%, — To,2™, ) = 0 B4R RN HIFIAL AT
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S
9Ty, =0 (38a)
(g‘”'\/)’y —0 (38D)
PisEmgEe: (RA5113%. TR EESGL, Mem a2 mmasis. 50EH &

JE R S F))
(V) ,, = (=0T = 9" T + 9 T5) v (392)
(9v), = —9"Thy (39b)

§3 MM EESR NN S et

3.1 Tensor densities
Property: if S is a scalar quantity, S = 5’ then

/S\/—.C] (1'1:1::/ Sy/—g d'a’ (40)
D D

We write \/—g simply as ,/. Thus
/ S \/d% = invariant (41)

AR IBUMCH, RRIASRR ST [ 5 ds W, s [ 50t
H SR RIERC R (BAAZR) . TR NAFENBRR, S/ 5 d'z RSN, H
e FARIFAHEE o S/ RN scalar density; ZEl, T/ FR-A tensor density.

Other properties:

\/ V,u\/ 79 gaﬂ V\/ (42&)
(a» ) = A/ (42D)
if F* is antisym. F* = —F"", then (F’“’ ) =",/ (42¢)

if 4-divergence (covariant) A" =

<Z”QA9VH3 j%f (amy 3x::%éQAmv@5h (43)



Dirac J” SUFHXTIE IH2H ZENE R

3.2 9 Ij]ﬁiﬁﬁﬁ (The gravitational action)

FIAGI IR &
[= / diz R,/ = / d'z [¢" (T7,, - 15, )+9™ (5,10, —T0,17)|/  (44a)
=: / d'z (R*—L),/ (44b)
st ) / d'z Ly (44c)
= / dz & = / dz’ ¥ d*x (44d)

Lagrangian

oI = / Az 6% ~ / d'z Ry, 6(g™/) = - / d'z (R — 19" R) /g, (45)
ht, LR 61— 0 HHTF 2RIz hE ik (REREEEEY) £D).

3.3 A=A SR A

3.3.1 %ﬁﬁﬁﬁiﬁﬁi}ﬁ% (The action for a continuous distribution of matter)
FAAECR N, AR R A

§(I,+ I,) =0 (46)

I, A empty space FHIMEH ETRRE 1, = w1
Ly VYA S B SURHAHE B 28 L 2

I, = —m/ds =— /])0(1:](:1(1:1;2(1:1;3ds = —//)\/d4x = — / (p“pu)%d‘la: (47)

YR
0l = — / 3 (" pu) % / SV JOgu + vuopt | Al
(48)
/ pvtv” \/5gW Uuzypv”\/éx“] d*z
-2
1 L l/ 1% L
5(1 + ] / ij gle) + 2pvl \/5gulld T + /I/, v PV \/b/ d4 (49)

Hof p HRTEAR 2 R E] 2+ b, ARERIERUNES o = o+ b i b LR
—. VBT 52 BY ozt

&=L, LRSI = 0B TS Us 0 & B e 42 eq (B), 4004y
— 0ER TR eq (1), B v 0" =0,
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3.3.2 HufEH & (The action for the EM field)

1
[em = _ﬁ /F,WFIW\/ d433' (50)

I, is a function of g, and the dirivatives of the EM potentials x* := (¢, A™).
1 1% Qv
——E"6g,, + EF 0K, (51)

st [

where E"” is the stress-energy tensor of the EM field, a sym tensor.

1

1
A" = —F P 4 g P

e+ HY) st 2 58]
B S? Maxwell stress tensor
SB

where = (E2 + H?) is the energy density, S™ = ijEiH *is the Poynting vector giving the rate
of flow of energy. (FETRZE — W EIERE)

3.3.3 %@%,ﬂif@ﬂa% (The action for charged matter)
I, = —/Fc“(m“\/d‘la: = —/@J“\/d‘lx = —//i#fd4$ (53a)
61, = /a (="K, + Fuo'b") fd'e (53b)

3.4 %A 113 Ha % ,?‘ fE (The comprehensive action principle)
519135 — 2 Z A M EAE R, AR RIGER = 0, DXt o8 & il &

5(I,+ 1) =0 (54)

e an B Py~
0 =0, + I + Lo + 1)

1 1
4 uv v BV v
—/d x[—16 <R —f2g R+ 8mpvtv” 4+ 8Tk )\/ 6g,w

(55)
(pl/l I/l + O—F;lul ) \/ bt
1 v o
(47TF“ — oV )\/ 5’% ]
APAEZT 5] =0 (35 EX =AML )
TR IE G % AR (Bd)
Y# = pvtov” + E* (56)
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Yarax

BTN EE 2 geodesic, 5—i45 Y Lorentz force.

5 —Jji & Maxwell equations for the presence of charged matter,

F™ = A J¥

it Lagrangian Eshk = o)

511 Tolty/ 0Gyu

Bl oy =00 T g &V

%Eﬁg _ﬁFﬂl}FuV\/ Jo 5guu & /fu

FEL frf —ov' Ky, / W & K,
_&

I, = / LAz,  T'= / L'dtx

FEE 0, -+ 00, S0 0w 0" 957 BEROBU N B
3ty + 1) = [ (904 x800) '
P =0
X"=0
Wi, 2 R g MSHOT, W2H
R ;g’“’R _ 167N =0,

gl
where N* = 0
0w

§4 W%
4.1 5Ptk (JERRAM)

— —2yM,

(58)

(59a)

(59b)
(59¢)

(60)

HEA B e ——sPEAE &K (B S — i Resh ik (%)
FORTE R NIKRET WS, W FATATAE L5115 ied sk it (the energy-
momentum pseudotensor of the gravitational field) (Dirac (435 {E pseudo-energy

tensor, FA~ N WEAFA LEZ1X)

v oL v
t'u N 89aﬁ,ugaﬁ’“ - g#L
” 07 Y
t'u \/ - 890457”9043# - gﬂg

11
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RESh K B 0 (SPIEARIE S A E])
1671,/ = (Tts = 9572, (gaﬁx/), ~ 9L
where ¢ = g (T7,I%, —T0,I7,) /.
RAMBAIALAR, ATPAfE St 2598

[(t +Y, )\/]V (63)
ﬁ%%,@wmyj¢m—Afmi ALK E R R -, Mk ¢ 2T
REE-ZhEWEE, V,"/ AR RE R -SRI .
A ¢ RIS, B, fERE—RZ. S (S4E) KIRNIRE RS AR5 T AE
%, BN REA R E . (B ST

/ () +v,") ydi (64)
Voo
R REss RGN B RE RS & .
51770%
R, =0
RS 0 = 9" oo =0 Bl Ugu =0 (65)

5537 (Z W& RBIn)

KR gpo B 10 DL FE B R IA B DUR AR, AT T AEEE R 40 o 3 5 SR G R I8
HIE DA} 28

25 3R AR (X2 AR ERRIIESL)  FRATIT DAS Bk 1 re B e s
R, UEHAR .

DFEOL, ATAKE g PONBA—AE R 2° — 2° PURREG TG, B g MUREA—AR
i lex” PRREL, H I BWE ¢, MR IEA M.

B2 g KFAS

Guvo = G (o175 := 1, (66)
RAH] T, FCAS L, f35)
L=0 (67)
A .
S BRI adE , HEIRAE
T
FLASHITREAE)
R,ul/ == )\g,uu (68&)
E‘I-J R,uu - ;guuR = _)‘g,uu (68b)
A LASERS
R = 4) (69)
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