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How o Defire o Giroup
D dewents 9. (0. 1,2,3,4}
@ o@ﬁne mwttfpl:‘wrh'en eg. ab = (a+b) mod &

The. definitions must Satisfy :
O Closwe % YoabeG, abeG.
D Asstivity (E5#) @b)-e = a-bre)
@ Bxistene of %m I-9=9 gl=9
© Eqdsvtence @F a W’lﬁhﬁ invere. for ev@vyelcwe%.
actolly these con ke wesken to left /‘JM“?Q left nese.

X {abell‘aw growp ob=baq
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k The“m and W'j once Vuje” N7} Mulf;‘ﬂ;'cahbn -tub/e Qf

o finie guwup
Stodemont (° Brey Olement oppere once ovd ooly ouce iy
evev7 oW or coluw .
Statemont 2 {3; 9,9 9, 9: 9uf owd {g,j;/ %%, 9»«3;} are

?ermum'h‘ows o‘f {g,l 9, -, %}

Direct Product of Grous
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dlewents in H: ({,3) where -f"s n F g s MCT‘
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Prese,mto\ﬁ ons
U@‘w} few elements (oo, 38Vlermovs) omd some restrictivs to  define (presant)

the group. All the elewents con ke obtuined by mw(fn‘ply;‘nj the genenators,

absolute Pvzgemtqﬁon ;. not olmlo-‘yw«w f»egequtsn

Note:
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Zg = <a‘q3:1> obcolute ; ZX:<°|°X=I/ “¢#I>

Zz@Zl = <a,lpl<22;!92:l-} qu:ba>



HomomorPlniSM (s) & Isomorphism (i)

d?:f ef homomoyph,‘;,n: o Ma,) -f: G""G’j, i-f {(901:{(9:):‘)‘(3;/;3;)
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_— -F: Zm'-ﬁ ZP®Z% when p QQ% are relotie Pn‘mes_
"(@( D in Z?"b , Ry = Aty mod pg . AYTO L pyl,

" 2,®qu @ b)-(ed) = (arc modp | bad ma% oc=0l, P, bd=o, bogrl.

‘F(’X) = (ﬂmsol P, A mod q/)
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Z (g med p | ey ol
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Finite Group
Permudtection &M? Sn

&Any ele,meut n Sn (Wy pcrmuq-r.bn con ke wri*e) og 47142 ;)mduc{:
Bf oycl@s , ~then bﬁfvg oleasml;ogoﬁl +to ﬁmspms.‘-fbms_

Exampl 12345
e 3:<4;sis) = (48269 = ey Gs)
124 =2 —)  fist b2
then 4
Coxx/loy's 'Tl'm.
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I D - Ia
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P2 Lot Gras {9,990, show gras (o0 3-{:)

s @ Permimtotion,

— Al e group ef 2 oder ove damald to S, & Z,

Square Root of lolem:-“ty
Thm: In a Group of even order, there exists at least one element

other don T | tlot also Suaves to the ;\c/em"«ty.

P{: I nerse £ W"/If, so ot lese one other elewont cdee Trevse
1o Jeself

E%M'vodaacc % Eq“"\a{%ta Class

a(e{»@ @M\mlm@, In « Qv G, twe epewe»ts g g<3’°wé
sad 1o be e;iufva[e«/tﬁe (3’“37 /\f‘ thoe exlsts
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No+e : EC,)M‘MM l\/Mf}n\e/) et %’ﬁ«w Hewmonts ove Qm*f-%
d‘é/ Sowe P]c»]/l)ﬁ} +the same Vﬁ(e) bﬂl\vy/ Sfmféhr ﬂd“‘ﬁﬂv‘q'hblﬂ
in |eow ob@ebﬂ

mes.—ﬂvl‘?/ {9 9” = 9~9"

& Al elements n a goup con b dlivided. into saied closses
(eqw‘\/alence classes), where Oy tuo a/emewts n the same class
are Q%Mmiaﬂ’f.

Popertres

1. In an abelian world, everybody is in a class by himself or herself. Show this

2. In any group, the identity is always proudly in its own private class of one. Show this
3. Consider a class ¢ consisting of {g;,
{ gl—ly Sibn

Eyample

"B Then the inverse of these n,. elements, namely,
, 8,1}, also form a class, which we denote by . Show this

e § e The even permutations form the subgroup A, with

41/2 =12 elements. Given the preceding remarks, the even permutations fall into four
equivalence classes:

{1}, {(12)(34), (13)(24), (14)(23)}, {(123), (142), (134), (243)}, and
{(132), (124), (143), (234)}
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Dihedral Group (=@142t) D,
set 9{ ‘tmwapma«bns Hot lene de n-sided r?u[ar ’Do//yon

imva ot

i M Reﬂxﬂ‘sq 310 /zni
L r ?/ﬂzfﬂ‘)” ‘(."/M% o median
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COxe‘ter Grmup <9-, ak‘ (a:)'=] , (o;oj)""'=1, ngz2, i#j>

bhiB ks, RRT Beb),
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I H = g'HG for get, don Hix cibl o inaivt shyp (o7 6),

o need to e in the sawe orckr Writ-'nj H <G
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*In o diece pedut gop G2 E@F, EOL & LOF ove
var e 9"‘\’3‘“’[’5-

Cosets & Quotient Grup
(&%)

(#5%)

Examples
I) G" :Zb 2) G,;Q (qurx.‘ent 3»7)
H=Zz<G H=Z+={ﬂ,t;}) HaG-

0D
(e |

J"F e/f oosets: Fm«t we hove H<’Gr. Fero(ﬂ the elements

in 01‘7 3.19;1-”/3,.)\”9@«4 write a Set

3H = { gk gibs, - gihe} for ecch Gt sone of
them o em(t(/ the same st
R Gt — 2, pubirith
N(@) =N 4 4e FhrfuetlsT G,
2 N@PAA NG 47k ol B B (comets)
%K S b N -1 4 P 27 B2E,
A of quetiort giosp Q4 The (f) corets form o goup — quoton grop
dhee 3H)(0H) =(33H) | Lwew = LeH = H |
wites () = (5 /H




Deri ved Subgroup

L Plvyn‘cs, a commutator a{ A &B s defined as [A‘B] = AB-RA,

S)‘MI\(GVI'VJ Mote?% <0\ ) B> = (100«)-' ob Meﬂ!ur;nj how much  ab
0{‘"‘{:&)’ ]OWM bD\_

def-of- derived subgroup: 1 <a.b> A& (F2#53), A ob Bh G+ Akes,
—rits GPIAE-H,

Note: The L@ﬁ@y D s, the ‘mord Gr 15 vonabghan

Perive subjww)) e on Invoviourt Qﬂbgiwf.



Lie Group & Lie A/gebm

MamifeuS: ol vl@naf«bour'rmo& Lok lile flerf space .

(‘tonﬂent spoce
at the Io’emity)

L e Gmui)
O (n) SO
(e ) (real)
orthogonad (%) : special  orthogonal :
RTZ - I RTE =1
IRl =1
v (V‘) S U(nr )
( compl o) (complex)
orthogonal : special ord,oﬂma[ :
R7R = I R'R=1
Rl =1




Rotation

\//\ear ‘DW{‘;WT’W W

. = R'R=I

) > = ortho ona-fl oy
Tnvoviance of dot product o
nVvoria f ot F - (ord't‘zja"[ mﬂx)m——) Eiﬂ# O(n)

o=

/7*9,'99%"7)” Ks awe con/ofM veloted €0 the Ja/@«@yﬁ/.

Reflection
c,‘a/( or%o onad
T - +| vrowt op LI 7%
RTR=-1 = detR ={ TR T dmesA - soly

-1, reflections

G(@V\@t’ator
COV\S\»Jer o voertion  cloge to the )dent: ( 2 o(.‘mwnm)

Ry = LroT-ow) = (") e ()0
~]+60 C%@g’(

then for o finke W’lg{e 9, whpwe

P\(e) = ,im [Q :I Ndm QNJ N= 6927

N—>o0

In hAgW obmema@ns a(e,FmHv\W\ &f gevertors ave

(ﬂ?m)) 58 -52s)

dot 15 ) row m coln =1, Wnoo"mr‘l)evﬁyum while m#n .



Then , on N o[iwev\f)oﬂa/( Tw:f’}w?‘téi\wu/( potoction e 3,\/@14 l?y

R ~ I + ;‘ Q(mn) generators

= I + mzn Q(mm) i Hhis 35 Hermitean matrices: J.f=3-

Commutator & Lie Algebra
Covmutottor betueen B & B: [A , BJ:AB‘BA_

popersy (Lea)(3+8)-(1+4)' = (I+8) +[0]
[T 7] =ik,

Structwe constonts,
telling the multiplicective  structwe  of infinitesimad rotation

FSf SO(}), Cabe = Eabe
(Iq) Jb) Je ore "lef‘"‘e“a & J-Lzs)‘ J-(J:), J_(u))

Toble: +he woy o gct another element
Lie group Mt(;olfcqﬁbn
Ll\e/ Otfgébm commutator

Lie Grow & Lie Agebn
Gien two finlte votatbrs 9 & h

D(>-Y)

Do) D)
5= n( £4.3) fmor St
When s hard to caloulate, §-h, we can osk Lie aheba
‘16" lfdp 3 c«ssumfnj 9= e", h,:eY, 3-}.,:32, then



X=big = 508, Y-bh=-Sha
Z=lolgh) = Jn (€"€)
:L,[(Inu Ko b )(1+Y+'Y+6Y+)]

= 4o (TeXeY oxy e e by s pis bivebep oy )
(xrY oy e ey xwxp;f)
L (Y exy e b by R
+'—(X+Y«t¥\\§g.—‘§ws+w
= XY XYL () - 260y (xw)[xwl(m)J SRy ey 4o

Z = X+Y +300,Y] + 5 [x-v,[x, Y]] +-

This s Baker‘Cameell —Hausdorﬁ‘ ﬁvwm/h, mplyng the velertbn
betuween Lie growp amd Lie algeém.

Lie grouwp Lie olgbra

(‘(’angeyrt space at I)

X:blg
x+Y —pgrtt T

2- b,(gh)
e Y=tdah




